under the condition that a certain hermitian operator has a self-adjoint extension a necessary and sufficient condition that a bilinear Fermion Hamiltonian can be diagonalized by a Bogoliubov transformation is obtained. Under the same assumption, any bilinear Fermion Hamiltonian can be diagonalized in a slightly extended sense by an extended Bogoliubov transformation. The meaning of this diagonalization from the view point of the Clifford C* algebra is discussed. It is shown that a parallel treatment is possible for a bilinear Boson Hamiltonian (with complications concerning unbounded operators and an indefinite metric) if a spectral theory of pseudo hermitian operator on a Hilbert space of an indefinite metric hold in parallel with that of definite metric Hilbert space. § 1» Introduction Several authors have investigated the diagonalization of a general bilinear Hamiltonian by a Bogoliubov transformation [1], [2], [3], [7] . We shall present a complete solution of this problem for the case of canonical anticommutation relations (the Fermion case). We shall indicate a similar procedure for the Bose case, which is however quite incomplete due to the lack of a spectral theory of a pseudo hermitian operator on a Hilbert space of an indefinite metric.
Several authors have investigated the diagonalization of a general bilinear Hamiltonian by a Bogoliubov transformation [1] , [2] , [3] , [7] . We shall present a complete solution of this problem for the case of canonical anticommutation relations (the Fermion case). We shall indicate a similar procedure for the Bose case, which is however quite incomplete due to the lack of a spectral theory of a pseudo hermitian operator on a Hilbert space of an indefinite metric.
In section 2, we shall discuss various view point on the Clifford algebra, which was the motivation for our treatment, though this section is logically unnecessary for the later sections. In section 3, we formulate the notion of Bogoliubov transformation in an abstract fashion. In section 4, we introduce a bilinear Hamiltonian as a derivation of a Clifford algebra, which is an infinitesimal generator of a one parameter group of automorphisms of the Clifford algebra if a certain operator has a selfadjoint extension. Then the problem of diagonalization is reduced to the problem of finding a projection operator satisfying a few properties and this problem is easily solved by a spectral theory of a selfadjoint operator. In section 5, the abstract language in preceding two sections are written out in the conventional notation and the main theorems are stated as Theorem 5. 4 and Theorem 5. 6.
In passing, it is shown that any automorphism defined by the bilinear Hamiltonian has an invariant state in which the canonically defined Hamiltonian is positive semidefinite. It is also pointed out that an infinite dimensional Clifford algebra is * isomorphic to C* algebra obtained by adjoining evenoddness operator to the Clifford algebra e In section 6, we indicate how a parallel treatment can be done for the Bose case to the extent that a Hilbert space of an indefinite metric can be treated in parallel with a Hilbert space of a definite metric. § 2. Alternative Definitions of the Clifford Algebra
We shall here collect various view points for Clifford algebra, of which we shall use one in later discussions.
A standard definition of the canonical anticommutation relations [4] is Definition 2.1. Let K be a complex Hilbert space. A CAR algebra over K, denoted by SI C AR(^) is the quotient of free * algebra with complex coefficients, generated by symbols (a*, /), (/, a) (f^K) and the identity 1, by (the two sided * algebra generated by) the following relations (2.1) (/,«)* = («*,/), (2. 2) [(«*, /), (a* A standard definition of the Clifford algebra [5] is Definition 2. 2. Let H be a real Hilbert space. A Clifford algebra over H y denoted by 3I C Li(#) is the quotient of the free * algebra with the complex coefficients, generated by the symbol (f&H) and the identity 1, by the following relations Proof* To show that 7t 2l is a homomorphism, it is enough to prove that the images of the relations (2. 1) -(2. 4) are contained in the two sided * ideal generated by the relations (2. 6) -(2. 8). To show that 7T 12 is a homomorphism, it is enough to prove that (2, 1) -(2. 4) imply (2. 6) -(2. 8). To show that n 2l is an onto isomorphism, construct H as indicated, define the operator ft on H by £(/) = (*/), consider /r 12 for this H and /9 and prove that n l2 n 2l and n 2l n l2 are the identity mapping. This also shows that n l2 is an onto isomorphism. The verification of these statements are straight-forward, among which we only mention
The CAR algebra and Clifford algebra can be defined even if we make K and H a Hilbert space with an indefinite metric. 
T on (L-E)K is defined as TTT(I-E).
Then 7T = y is a linear operator satisfying y 2 =l, 7* = 7 and (1 -Z£)y = r yE 9 and the identification of (L -E)K with EJT is done by the unitary mapping 7. It is also possible to start from an arbitrary unitary mapping 7 (identification) of EK onto (1~E)K, satisfying vr = ry*. Then T^^r is a complex conjugation. The last half of the lemma follows from
Lemma 3 e 7» If dim K is finite and odd, there exist mutually commuting projections E» E 2 and E 0 such that
is * isomorphic to a direct product of SIsDcC^ + Eg)^, r) and a two dimensional abelian algebra {Cil + CsX} % 2 
=l, x* = x. ^s-Dc((Ei-rE^K 9 T) is * isomorphic to
Proof. There exists a F invariant orthonormal basis fi~*f 2n +i of K where dim/f=2» + l. Now we define EJK, E 2 K and E 0 K to be subspaces spanned by Then the required properties hold. If we set We now define a bilinear Hamiltonian as a generator of a one parameter automorphism group of CAR algebra. We need a C* algebra view point for this purpose. Even if S is not in the trace class, it is conventional to say that (a, S*<z*) =-(«*, Sa) + constant and that the constant cancels out in (4. 9) and (4. 10). This language is made rigorous in the present discussion by using the notion of automorphisms and derivations of a C* algebra.
We now consider a similar derivation on 3I S DcC^> F). Proof. If K has an infinite dimension, this follows from Lemma 3.6 and Lemma 4. 1. If K has a finite dimension, the §I SDC CfiT, r) has a finite dimension by Lemma 3. 6 and by the known fact on SI CAR (K), the lemma holds for this case, too. The notation is extended as a derivation on * algebra generated by (B*,/), / in the domain of a(S). If S is selfadjoint, the automorphism r(ta(S)) is denoted by the following expression : If dim jE 0 K is even or infinite, then there exist a projection E on K, a selfadjoint operator S 0 on EK and a * isomorphism n from r, F) onto % CAR (EK) such that K=EK®YEK and 7
Proof. From TST= -S, we obtain r£(A)r = £(-A) and hencẽ T = E-, TE Q T = E 0 . Since dimB Q K is even or infinite, and since E 0 K is F invariant, we can find a subspace E 01 K of £" 0 /T such that To the extent that we forget about $, it is again of the desired form (5.2). If the dimension of (1 -E-TET)K is even or infinite, then we can divide and absorb $ into a* and a. Thus it is reduced to the first case. If the dimension is odd then we can make <p one dimensional. If we are allowed to add one more $' anticommuting with a, a* and <£, then the entire system is reduced to the first case.
Hamiltonian -(5*, SS) if TET^l-E and (1-E)SE=ES(1-E) = Q. E diagonalizes -(B*,SB) in an extended sense if ETE=0 and £ S = ESE+(TET}S(TET}.

Remark 5. 2. Motivation of this definition is as follows. If and only if TET = I -E, we have a * isomorphism of S SDC (/£
As we have seen in Lemma 4. 4, the derivation depends only on a(S) = (S-rS*r)/2 and hence we do not lose generality by It is also customary to use the notation where R=R* and last equality is in the sense described before. The pair of b* and b are related to a* and a by a Bogoliubov transformation [7, as was paoved in Lemma 3. 6. The requirement that U is unitary is equivalent to the information that the mapping is one to one onto and the canonical anticommutation relations hold for 6* and b. The requirement that U commutes with F is equivalent to the information that the expression for 6* and b are adjoint of each other. Thus our definition 3. 5 for a Bogoliubov transformation coincides with the ordinary definition.
From these two remarks and Lemma 4. 8, we obtain Proof. The sufficiency is already proved. To see the necessity, we note that a basis projection E which diagonalizes (5.15) must satisfy TET = l-E and (l-E)a(S)E=Ea(S)(l-E) = Q. The last requirement implies {E, a(S)] = 0 and hence E must commute with all spectral projections of a(S). From the property Fa(S)r = -a(S), andr£T = l-E, it follows that r££(0)r=-(l-E)JE(0), where E(0) is the projection to the 0 eigensubspace of a(S). Therefore dim E(0)K must have either even or infinite dimension. Theorem 5. 6. Given the bilinear Hamiltonian (5.15) for which a(S) has a self ad joint extension. Then it can always be diagonalized to a form of (5.18) by an extended Bogoliubov transformation.
Proof. This follows from Lemma 4.10. We now add a few results concerning the significance of the diagonalization from C* algebra point of view. defines the state uniquely which is Fock for E+ and anti Fock for E_. The associated state $> for SCARED) ®3I 2 is constructed as before. Then it is known that <p and fi satisfies the required property for r(fS 0 ).
Q.E.D.
In passing, we mention the following remarkable fact. In the Fock representation, the evenoddness operator (-l^is not contained in 7r(5l CAR (K 0 )) if K Q is infinite, because any operator A in 7r( which commute with ( -1)^ satisfies We now briefly describe a similar analysis for canonical commutation relations. We omit the analysis in § 2 for this case a part of which is found in [6~]. Here we shall be content to describe a program without caring for a mathematical rigour. Hence we shall use unbounded form using creation and annihilation operators. We shall also use unbounded operators without considering the domain questions.
We start from («*,/) and (g, a) which satisfies To apply these notions to the problem under investigation, we note that Sy is pseudohermitian. If a pseudo spectral theory holds for Sy, then we consider three spectral projections. We now want to take into account the condition (6. 9) for a basis pseudoprojection and construct the desired E. This again hinges on the spectral theory which we do not have at the moment We shall treat only the case where the spectrum of Sy is discrete and the multiplicity is finite. Let E x be an eigenprojection belonging to X^O. If f (=E^H satisfies (g, 7/ 
